The far-field approximation is commonly assumed in the derivation of Green's function retrieval by wavefield correlation using reciprocity theorems. This approximation can result in erroneous amplitude of the retrieved seismic phases and generate artificial arrivals. In an open system, we show that the far-field approximation can be removed by the exact integral equation method and this leads to the crosscorrelation kernel. In previous work, kernels in 2-D space had been explicitly constructed. With the kernel, we can construct the Green's function by crosscorrelation even when the sources are not in the far field. Here we extended the 2-D case to 3-D for acoustic waves for point sources on a plane and on a sphere. For the spherical case, the kernel is expressed by spherical harmonics and it degenerates to the Dirac Delta distribution under the high-frequency case; however, for a fixed frequency, if we increase the radius of the sphere, it reduces to that of the plane boundary.
I N T RO D U C T I O N
Crosscorrelating the diffuse waves recorded at two receivers produces the Green's function between them as if one is the source (e.g. Campillo & Paul 2003) . The use of correlation to obtain the Green's function is a rapidly growing field and we refer to excellent review articles and books (Larose et al. 2006; Wapenaar et al. 2008; Schuster 2009; Snieder et al. 2009a) for recent development and applications. On the other hand, stationary phase approaches (Schuster 2001; e.g. Snieder 2004 ) and the reciprocity theorems (Wapenaar 2004; Wapenaar & Fokkema 2006) are commonly used to explain why the Green's function emerges by wavefield crosscorrelation. However, the theories, in particular for the open system, invoke an assumption which may be violated that the illuminating sources are in the far field. This far-field approximation is convenient for both theoretical investigation and application. In the framework of the reciprocity type derivation (Wapenaar 2004) , both the wavefield (dipole strength) and its normal gradient (monopole strength) are required to construct the Green's function. The far-field approximation provides an appealing means to make up the wavefield gradient data from the wavefield itself when the gradient data is not available. If the sources are not really in the far field, using this approximation will inevitably lead to biases in the retrieved Green's function. However, exploiting the fact that the wavefield and its normal gradient are uniquely related to each other in an open system in which the Sommerfeld radiation condition is ensured at infinity (Baker and Copson 1950; Kupradze 1963) , Zheng (2010) gave a rigorous derivation for the Green's function retrieval for sources at all distances using the boundary integral equation method (Colton & Kress 1983) which avoided the use of the far-field approximation. In his derivation only wavefield correlation (no wavefield gradient) is involved in the crosscorrelation but a correlation kernel arises. The kernel degenerates to the expected Dirac delta function under the high-frequency approximation.
It is observed that an unphysical or a spurious arrival can be generated when a point scatterer is present in the medium if the linear Born scattering model is used (Snieder et al. 2008) . Previous studies (Snieder et al. 2008; Halliday & Curtis 2009; Snieder et al. 2009b; Wapenaar et al. 2010) resolved this paradox by showing that the linear Born scattering model is not adequate and the correct or non-linear scattering model must be used to eliminate the spurious arrival under the far field approximation. These studies are consistent with the 2-D analytical studies in which a homogeneous cylindrical scatter embedded in an infinite homogeneous medium is illuminated by incident plane waves (i.e. equivalent to the far-field approximation) and no spurious arrival is produced. However, Zheng et al. (2010) showed that in 2-D if the sources are not in the far field, even with the correct scattering model, direct crosscorrelation of the wavefield without using the kernel could generate spurious arrivals and incorrect amplitudes in the retrieved
B A S I C F O R M U L A F O R S E I S M I C I N T E R F E RO M E T RY
The exact Green's function retrieval in the frequency ω domain can be written compactly as (e.g. Wapenaar and Fokkema 2006; Schuster 2009; Zheng 2010) :
is the inner product defined on the closed boundary ∂D and the over bar denotes complex conjugate; p A,B (x ) = G (x | x A,B ; ω) the wavefield recorded at x A,B due to a monopole source at x ∈ ∂D and q A,B (x ) = ∂G (x | x A,B ; ω) /∂n , wavefield recorded at x A,B due to a dipole source at x ∈ ∂D. The Green's function in time t domain, which consists of the causal and anticausal Green's functions, is obtained by taking the inverse Fourier transform of the left hand side of (1).
FA R -F I E L D C O R R E L AT I O N S
In previous studies (e.g. Wapenaar et al. 2005; Wapenaar and Fokkema 2006; Snieder et al 2007) , the integral (1) can be simplified in an open system using the far-field approximation for a spherical boundary ∂D with a large radius such that
which is referred as Green's function retrieval from far-field correlations (Schuster 2009 ). This approximation essentially assumes that the scattered waves are outgoing plane waves at receivers far from the source. It also provides a means to relate the wavefield gradient q(x ) and the wavefield p(x ) itself so that in the Green's function retrieval only the wavefield is involved. This also has practical meaning since, in reality, the gradient field is not always available.
B O U N DA RY I N T E G R A L E Q UAT I O N A N D C RO S S C O R R E L AT I O N K E R N E L S I N T H E G E N E R A L C A S E
In this section, we will relate the gradient field q(x ) and the wavefield p(x ) on the boundary through the integral equation method. It is known that q(x ) and p(x ) can be derived from each other if the exterior medium is unbounded and the Sommerfeld radiation condition is satisfied at infinity (e.g. Baker & Copson 1950; Kupradze 1963; Colton & Kress 1983; Zheng 2010) . In the exterior domain D c and the boundary ∂D, we apply the boundary integral equation method (e.g. Kleinman & Roach 1974; Sanchez-Sesma & Campillo 1991; Rjasanow & Steinbach 2007) :
in which the continuity of p(x ) and q(x ) across the boundary is imposed and the integral is in the sense of Cauchy principal value.
if the boundary is smooth. We stress the significance of eq. (3) that the relation between p(x ) and q(x ) is solely determined using only the Green's function in the exterior domain and the boundary geometry, regardless of what the interior medium property is. If the boundary is not of simple shape, the integral equation can be discretized and solved using the boundary element method. Eq. (3) expresses the relation between boundary values p(x ) and q(x ) and we can do so by introducing a notational operator C such that
Substituting (4) into the exact seismic interferometry formula (1), we obtain
in which C * is the adjoint of C. The operator W is called the kernel. The kernel can be obtained by finding the relation between p and q on the boundary.
C RO S S C O R R E L AT I O N K E R N E L F O R P O I N T S O U RC E S O N A P L A N E
In 3-D space, assuming the boundary ∂D is the x-y plane at z = 0. The region z > 0 is called the interior and is in general heterogeneous. The exterior domain and the boundary z ≤ 0 is homogeneous. The boundary integral equation in the exterior domain reduces to 1 2
The normal gradient of the Green's function in (3) vanishes in (6) because in this geometry both x and x are on the plane and the spatial gradient of the Green's function is perpendicular to the normal to the boundary. In general, ∂D is required to be a closed surface. However, one can extend the boundary by adding an infinite large semi sphere to it and use the Sommerfeld radiation condition to show that the integral on the sphere vanishes. The above equation can be readily solved in the wavenumber domain if we use the Weyl plane wave expansion (Aki & Richards 2002) for the Green's function. In the wavenumber k = (k x , k y ) domain, the integral eq. (6) reads
where k is the background wavenumber in the exterior domain; p(k) andq(k) are the spectra of p(x) and q(x), respectively. Eq. (7) explicitly relates p(x) and q(x) on the surface. To find the spacedomain expression for the square root operator, we need to inverse Fourier transform it from the wavenumber domain to the space domain. As the part (|k| > k) is an unboundedly growing function, the inverse Fourier transform must be sought in the sense of generalized functions (Gel'fand & Shilov 1964) and the crosscorrelation kernel reads in the space domain:
More insight can be gained if we do not use the above method. Another way to see this is to decompose the square root operator into the propagating part (|k| < k) and the evanescent part (|k| > k). For the evanescent wave, the operator C becomes real so that by combining eqs (5) and (7), the evanescent part is completely removed C − C * = 0. Then we need only deal with the remaining
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propagating part (a bounded lower-pass filter) whose inverse Fourier transform is the Bessel function. But why does the evanescent wave play no role in the Green's function retrieval (1)? It may be because the right hand side of (1) is the energy flux normal to the boundary and the flux of the evanescent wave is parallel to the boundary and therefore contributes nothing to the Green's function retrieval. Eq. (1) is basically same as the Porter-Bojarski equation in the scattering tomography or the inverse source inverse scattering problems (Langenberg 1987 ) which neglects inhomogeneous waves by its design (Lehman 2002) . Therefore, using (1) leads to an inability to reconstruct the inhomogeneous wave. When the relation between p and q on the plane boundary is being sought (eq. 6), we are solving a forward boundary scattering problem where on the infinite semi sphere the Sommerfeld radiation condition is satisfied and we can neglect the integration on the semi sphere. Therefore, the relation between p and q (eqs 6 & 7) on the plane boundary should be exact. However, when we substitute this relation back into eq.
(1) to reconstruct the Green's function, the surface integral in eq.
(1) includes both the plane boundary and the infinite semi sphere on which the radiation condition is no longer satisfied. Now we see that only using the sources on the plane boundary is not adequate to reconstruct evananscent waves and we have to use sources on the semi sphere. If the radius of the semi sphere is large enough, we can use the far-field approximation on the spherical part of the closed boundary and use crosscorrelation kernels on the plane boundary to integrate eq.
(1) to obtain the complete Green's function. In some previous derivation for seismic interferomery, the far-field approximation requires that the receivers be far from any part of the boundary. From the above analysis, the receivers can be close or even on the plane boundary and yet we are still able to reconstruct the Green's function using the kernels.
C RO S S C O R R E L AT I O N K E R N E L S F O R P O I N T S O U RC E S O N A S P H E R E
We consider a spherical boundary of radius r 0 and the medium is homogeneous in the exterior domain with wavenumber k. We intend to solve (3) in the exterior domain using spherical polar coordinates x = (θ, φ), where θ is the polar angle (or co-latitude) and φ the azimuth (or longitude) (Fig. 1) . We also define a second spherical coordinate system that has its pole at x and its polar angle and azimuth are designated by γ and δ, respectively. The Green's function reads and
We can express surface values p(x ) and q(x ) using spherical harmonics
and 
where the Kronecker delta is defined: δ nn = 0 for n = n and δ nn = 1 if n = n . Substituting (9), (10), (11) and (12) into (3) and integrating the azimuth δ, we can reduce the first term on the right hand side of (3) as
By change of variables, u = sin γ 2 , we have
We note the following identity (Gradshteyn & Ryzhik 1994) 
where j n and h n are spherical Bessel and Hankel functions, respectively; j n ≡ j n (kr 0 ) and h n ≡ h n (kr 0 ). Hence,
where the prime denotes derivative of a function with respect to its argument. Similarly, the second term on the right hand side of (3) reduces to
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Y. Zheng, Y. He and M.C. Fehler On the left hand side of eq. (3), because x is at the pole γ = 0, we have cos γ = 1 and
Taking into account of (18), (19) and (20), the integral eq. (3) reduces to 1 2
in the (γ, δ) coordinate system. However p(x ) can also be expressed using spherical harmonics in (θ , ϕ ) by
p(x ) should be independent of the coordinate system we use and thus
4π )P n (cos γ ) to both sides of (23) and integrate on the surface (γ, δ), we havẽ
By the addition formula of spherical harmonics
we plug (25) into (24) and use the orthogonality property (14) and get
Substituting (26) into (21) 
Let q mn = c mn p mn and from (28) we get
The crosscorrelation kernel is related to the imaginary part of c mn :
Exploiting the Wronskian identity
where y n (x) is the spherical Neumann polynomial, we have
The crosscorrelation kernel is defined by its spherical harmonic coefficients
Under the far field approximation, kr 0 1: |h
which reduces to the result in (2).
To visualize the kernel, we consider its effect on a delta function on the sphere
in which δ(·) is the Dirac Delta function. The function D(θ, ϕ) can be decomposed using spherical harmonics:
The effect of the kernel is to transform D(θ, ϕ) to
Note that W mn is independent of m and using the addition formula (25), eq. (37) can be simplified:
where is the arc distance between (π/2, 0) and (θ, ϕ) and this kernel has rotational symmetry. Similar mathematical form had also been reached by Tanimoto (2008) in the context of correlating wavefields generated by two vertical forces using normal mode method. Fig. 2 plots kernels for several kr 0 values. With increasing kr 0 (Figs 2a-d) , the width of the kernel decreases to zero in the angular distance domain. To make kr 0 large, we can either increase k (high frequency) or the radius r 0 while keeping the other fixed. However, there is a difference between these two scenarios. For the high-frequency case where we fix the radius r 0 and increase k, the width of the kernel reduces to zero (i.e. Delta function) in both domain and the physical space domain. However, if we fix k and increase r 0 , the kernel again reduces to delta function in domain. But if the kernel is plotted in the physical space, it will approach to that of the plane boundary. This can be verified numerically (Fig. 3) , which suggests the following non-trivial identity: 
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where s is the arc length on the sphere. This suggests that if the boundary curvature is small, one can use the kernel for the plane boundary in the Green's function retrieval.
N U M E R I C A L VA L I DAT I O N F O R A S P H E R I C A L B O U N DA RY
We conduct a simple test to demonstrate the effect of the derived kernels on the amplitude of Green's function retrieval through cross-correlation. The medium is infinite and homogeneous with velocity 1.0 km s -1 . Sources are located everywhere on the spherical surface of radius r 0 = 0.5. The two receivers A and B within the sphere are located at (r A , θ A , ϕ A ) = (0.2, 5π/6, π) and (r B , θ B , ϕ B ) = (0.2, 5π/6, 0), respectively. A Ricker wavelet with central frequency f 0 = 10 Hz is used as the source time function. The analytical solutions for the pressure wavefields are used in the cross-correlation calculation. The maximum degree of spherical harmonics is n = 50 in all the calculations. Because the medium is homogeneous, we only expect the appearance of the direct arrival between A and B after wavefield crosscorrelation. Although, kr 0 = 31 which is already large, with the far field approximation without using the kernels, the cross-correlation approach results in discrepant direct arrivals (Fig. 4a) whereas the cross-correlation recovered the exact Green's function when the kernels are applied (Fig. 4b) .
D I S C U S S I O N S A N D C O N C L U S I O N S
Crosscorrelation kernels provide means to relate the wavefield and its normal gradient in an open system. In this paper, we have derived crosscorrelation kernels in 3-D space for point sources on a plane and on a sphere using basis/eigen function expansions on their respective boundary topology. The 3-D kernels have rotational invariance around the normal direction of the boundary whereas the 2-D kernels posses translational invariance (Zheng 2010) . With the kernels, we can crosscorrelate the wavefields excited by sources at all distance ranges to exactly extract the Green's function that have correct amplitude and eliminate artificial arrivals. Our derivation mainly concerns the fundamental cross-correlational structure in the Green's function retrieval and source/receiver settings are idealized.
We have not considered other factors that can affect the accuracy of the retrieved Green's function, such as incomplete source illumination (Snieder et al. 2006 ) and large station spacing. The kernels are non-local operators. However, it can be speculated whether these kernels can be applied locally especially in the vicinity of the stationary source points. Under high frequency limit, both the kernel for the plane boundary and that for the sphere reduce to a delta function kernel. But if we fix the frequency and increase the radius of the sphere, the kernel will reduces to that for the plane boundary. For noise sources excited on the boundary, the kernel is still valid but the importance played by the kernel should be reduced due to de-coherence at two source locations if their separation distance is large. A similar phenomenon is expected for very heterogeneous media where multiple scattering can develop and mature, creating incoherent waveforms between receivers. To construct the crosscorrelation kernel, we need know exactly the source locations. However, due to our imperfect knowledge on noise source distribution, the kernel can hardly be constructed in applications using ambient noises. Our method may be useful practically in controlled source interferometry using transient sources. We also showed theoretically that the retrieval technique based on the Rayleigh reciprocity is inadequate in extracting the evanescent wave using only sources located on a planar boundary.
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